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We analyze a diamond-lattice Hubbard model with the spatially modulated Hubbard interaction.
Our dynamical mean-field analysis with special emphasis on non-Hermitian properties elucidates
that the gapless nodal line changes into symmetry-protected exceptional torus (SPET) at the Fermi
level enclosing the three-dimensional open Fermi surface, which is unique to non-Hermitian physics
with chiral symmetry. Furthermore, we also elucidate the effects of the SPETs on the magnetic
response; our results based on the random-phase approximation combined with the the dynamical
mean-field theory shows that SPETs enhance the magnetic susceptibility at the weakly correlated
sites, exemplifying effects of non-Hermitian degeneracies on responses to external fields.
I. INTRODUCTION
Since the theoretical discovery of topological
insulators1,2, the notion of topology has become
much more ubiquitous in condensed matter physics, and
has been further generalized to gapless phases7 such as
Weyl semimetals and nodal-line semimetals (NLSMs),
where the relation between gapless points/lines and band
topology is well understood from the view point of un-
derlying symmetry. In addition, the notion of topology
has been extended to strongly correlated systems, where
an interplay between topology and Coulomb interaction
hosts some exotic phenomena8–14, such as topological
Kondo insulators15,16, topological Mott insulators17–20,
the change of topological classification21–38, etc.
On the other hand, more recent studies have re-
vealed another kind of interesting topological phase in
non-equilibrium systems, which is described by a non-
Hermitian effective Hamiltonian39–62. Furthermore, as
proposed by Kozii and Fu, even in equilibrium sys-
tems, such non-Hermitian topological properties63 can
appear due to the life time effects originating from self-
energy64–68. For example, if we describe the energy spec-
trum of quasiparticles having the complex self-energy in
terms of an effective Hamiltonian, non-Hermitian physics
related to gapless defective points naturally shows up
in strongly correlated systems. Such emergent defective
points (or exceptional points) of non-Hermitian effective
Hamiltonian give rise to an open Fermi surface69–83 in the
energy spectrum called a bulk Fermi arc. Furthermore, it
has been elucidated that the symmetry enriches79–83 the
possible shapes of exceptional points and the Fermi arcs.
To date, various non-Hermitian topological semi-metals
have been reported70–79 . For example, in two dimen-
sions, the exceptional points form symmetry-protected
exceptional rings, which induce Fermi planes. In three
dimensions, they form symmetry-protected exceptional
surfaces enclosing the region where the band gap becomes
pure-imaginary.
In spite of the intensive studies, it remains un-
clear what physical properties are affected by the non-
Hermitian band structure. In particular, there are few
studies elucidating effects of the non-Hermitian band
structure on magnetic/electric responses.
In this paper, we investigate emergent non-Hermitian
properties in strongly correlated NLSMs with chiral
symmetry, and discuss their impact on bulk quanti-
ties such as the magnetic susceptibility. The chiral-
symmetric NLSMs provide a feasible platform to study
non-Hermiticity and symmetry-protected topological de-
generacy. Specifically, employing the dynamical mean-
field theory84–88 combined with the iterated perturbation
theory86–88 (DMFT+IPT), we elucidate the emergence
of symmetry-protected exceptional torus (SPETs) for a
Hubbard model of the diamond lattice. These SPETs
induce a sharp peak of the local density of states at the
Fermi energy only for one of the sublattices having weak
correlation, which results in the local magnetic suscepti-
bility of strong sublattice dependence. To our best knowl-
edge, this is the first result exemplifying how the non-
Hermitian degeneracies affect magnetic responses. We
stress that the chiral symmetry is essential for the above
behaviors. Recently, the emergence of SPETs with PT
symmetry has been reported by analyzing a noninteract-
ing non-Hermitian Hamiltonian79. In contrast to such a
case, SPETs with chiral symmetry are fixed to the Fermi
level, which induces the Fermi volumes (i.e., low energy
excitations enclosed by SPETs) in the Brillouin zone89.
The rest of this paper is organized as follows. In Sec.
II, we describe our setup and give a brief explanation
of our approach. In Sec. III, we study the emergence
of exceptional torus at the Fermi level and its impact
on bulk properties thorough the magnetic susceptibility.
The last section is devoted to a brief summary.
II. MODEL AND METHOD
A. Model Hamiltonian
We study the two-band Hubbard model with spatially
modulated on-site Hubbard interactions on the diamond
2lattice;
Hˆ =
∑
〈iα,jα′〉σ
tij cˆ
†
iασ cˆjα′σ +
∑
iα
Uα(nˆiα↑ −
1
2
)(nˆiα↓ −
1
2
),
(1)
where cˆ†iασ(cˆ
†
iασ) creates (annihilates) a fermion at the
i-th site of sublattice α(= A,B) with spin σ and nˆiασ =
cˆ†iασ cˆiασ . t ∈ R is a hopping parameter and Uα ∈ R is an
on-site interaction. The first term of the above Hamil-
tonian describes hopping of fermions between neighbor-
ing sites in the diamond-lattice whose primitive vectors
are ai, (i = 1, 2, 3): a1 =
a
2 (0, 1, 1), a2 =
a
2 (1, 0, 1),
a3 =
a
2 (1, 1, 0). The noninteracting term denotes the
NLSM, which is protected by the chiral (sublattice) sym-
metry. We expect that our toy model can be realized for
cold atoms because in such systems the spatially modu-
lated interactions are fabricated by the optical Feshbach
resonance90,91. As pointed out in Ref. 79, PT symmetry
may induce SPETs for the NLSMs with gain and loss,
which indicates the presence of SPETs for corresponding
correlated systems. We stress, however, that the crucial
difference from the PT symmetric case is that for our
system with many-body chiral symmetry, the low energy
excitations induced by the SPETs appear strictly at the
Fermi level, which enhances the magnetic susceptibility.
FIG. 1. (Color Online) Sketch of the diamond lattice. Blue
(red) spheres denote the A- (B-) sublattice. ai (i = 1, 2, 3)
denote primitive lattice vectors.
B. DMFT+IPT method
In this paper, we demonstrate the correlation-induced
SPETs by spatially modulated interactions in three di-
mensional systems. We employ the DMFT+IPT method
to analyze correlation effects and clarify how SPETs af-
fect low-energy properties. In order to treat inhomogen-
ity with the DMFT framework, we employ the sublattice
method88. In the DMFT framework, the lattice model is
mapped to an effective impurity model described by
Zαeff =
∫
Dc¯0ασDc0ασe
−Sα
eff , (2)
Sαeff = −
∫ β
0
dτ
∫ β
0
dτ ′
∑
σ
c¯0ασ(τ)G
−1
ασ (τ − τ
′)c0ασ(τ
′)
+Uα
∫ β
0
dτ(n0α↑(τ) −
1
2
)(n0α↓(τ) −
1
2
), (3)
where Gασ(τ) is the noninteracting Green’s function of
the effective impurity model for the sublattice α, imagi-
nary time τ , inverse temperature β and c¯0ασ is a Grass-
mannian variable corresponding to the creation operator.
Gασ(τ) is obtained by solving the following self-consistent
equation:
G−1σ (ω) =
[
1
N
∑
k
1
(ω + iδ + µ)1l−Hk − ΣRσ (ω)
]−1
−ΣRσ (ω), (4)
where ΣRσ (ω) := diag(Σ
R
Aσ(ω),Σ
R
Bσ(ω)) denotes the self-
energy of the retarded Green’s function describing elec-
trons on sublattice α.
In order to solve the self-consistent equation (4),
we employ the IPT method which is particularly ef-
ficient for a particle-hole symmetric system88. The
second-order self-energy is calculated as Σ
(2)
ασ(τ) =
−U2αGασ(τ)Gα−σ(−τ)Gα−σ(−τ). Here, we consider the
spin symmetric case Gα↓ = Gα↑. Thus, the retarded self-
energy is written as
ΣR(2)α (ω) = U
2
∫ ∞
−∞
dx
∫ ∞
−∞
dy
∫ ∞
−∞
dzρ0α(x)ρ
0
α(y)ρ
0
α(z)
f(−x)f(−y)f(z) + f(x)f(y)f(−z)
ω − x− y + z + iδ
, (5)
where ρ0α(ω) = −
1
pi
Im
[
trGασ(ω + iδ)
]
is the density of
state (DOS) and δ = 0+. By using the IPT solver we can
provide real-frequency self-energies and Green’s function
without a numerical analytic-continuation.
C. Physical Quantities
From obtained Green’s function with DMFT+IPT, we
compute the magnetic susceptibility as follows. Based on
the random-phase approximation (RPA), we obtain the
site-resolved spin susceptibility χsA := (χ
RPA
AA + χ
RPA
AB )/2,
χsB := (χ
RPA
BB + χ
RPA
BA )/2 (the factor 1/2 means the
square of spin 1/2 times spin degrees of freedom 2) with
χRPA(q, iǫm) := (1 − χ
0U)−1χ0, where 2×2 matrices
χRPA (χ0) are the RPA susceptibility (susceptibility with
bubble approximation). U denotes the interaction ma-
trix, U := diag(UA, UB). Matrix elements χ
0
αβ are de-
3fined as
χ0αβ(q, iǫm) = −
T
N
∑
k,n
Gαβ(q + k, iωn + iǫm)Gβα(k, iωn),
(6)
where ǫm = 2mπT , m ∈ Z and Gαβ(k, iωn) is lattice
Green’s function obtained from DMFT. Here, we have
used the relationGα(k, iωn) =
∫∞
−∞
dxAα(k,x)
iωn−x
. The mag-
netic susceptibility is given by the q = 0 and ǫm = 0
component of χsα(q, iǫm), α = A,B.
III. RESULTS
Firstly, we show that SPETs with chiral symmetry
emerges for our model after a short review of symmetry-
protected non-Hermitian degeneracies. Secondly, based
on the RPA approximation, we numerically elucidate
that low energy excitations accompanying the SPETs en-
hance the magnetic susceptibility.
A. Symmetry protection of exceptional torus for
two band model with chiral symmetry
Let us analyze a generic system with chiral symmetry
which has two bands. In this case, the non-Hermitian
effective Hamiltonian, describing the single-particle exci-
tations, is defined as Heff(ω,k) := h(k) + Σ
R(ω + iδ,k),
where the Hermitian matrix h(k) denotes the one-body
part of the Hamiltonian, and ΣR(ω + iδ,k) denotes the
self-energy with an infinitesimal positive constant δ. For
a non-Hermitian 2×2 Hamiltonian, we can write an ef-
fective Hamiltonian of the form:
Heff = [b0(k) + id0(k)]τ0 + [b(k) + id(k)] · τ , (7)
with two real d-vectors b(k) := (b1(k), b2(k), b3(k))
and d(k) := (d1(k), d2(k), d3(k)) and real numbers
b0(k), d0(k), where τ ’s are Pauli matrices. We imme-
diately find the eigenenergies of the form
E±(k) = b0(k) + id0(k)±
√
b2(k)− d2(k) + 2ib(k) · d(k).
(8)
In order for the effective Hamiltonian to possess band
touching points, two real d-vectors need to satisfy
b2(k) = d2(k), b(k) · d(k) = 0. (9)
If the solution has non-zero vectors, then these equations
describe exceptional points where the theory becomes de-
fective, i.e., the Hamiltonian cannot be diagonalized and
lacks a complete basis of eigenvectors.
Now, let us analyze symmetry protection of the many-
body chiral symmetry in strongly correlated systems.
The many-body chiral symmetry81 results in the follow-
ing constraint on the non-Hermitian effective Hamilto-
nian: Heff(ω,k) = −U
†
ΓH
†
eff(−ω,k)UΓ. In particular,
at ω = 0, this constraint is reduced to Heff(0,k) =
−U †ΓH
†
eff(0,k)UΓ, which we refer to as extended chiral
symmetry. In our model, the chiral matrix is written as
UΓ := τ3. From this constraint, each term of the effective
Hamiltonian is divided into symmetric or anti-symmetric
sectors as,
U †Γ[biτi]
†UΓ =
{
+biτi, (i = 0, 3)
−biτi, (i = 1, 2)
, (10)
U †Γ[idiτi]
†UΓ =
{
−idiτi, (i = 0, 3)
idiτi, (i = 1, 2)
, (11)
where four parameters bi(i = 1, 2) and di(i = 0, 3) re-
spect the chiral symmetry. We note b0 = b3 = d1 = d2 =
0. Finally, considering the many-body chiral symmetry,
the effective Hamiltonian Heff(0,k) is expanded by Pauli
matrices τ ’s as follows,
Heff(0,k) = b1(k)σ1 + b2(k)σ2 + i{d0(k)σ0 + d3(k)σ3}.
(12)
Thus, the second condition of Eq. (9) is satisfied auto-
matically by the chiral symmetry. The manifold con-
sisting of defective points is determined by the single
constraint b2(k) = d2(k). The number of conditions
for band degeneracy is reduced to one. As a result, a
(d− 1)-dimensional exceptional manifold emerges in the
d-dimensional system when d ≥ 081. Thus, we can ob-
tain an exceptional ring and torus in two- and three-
dimensional systems with chiral symmetry. Note that
the Fermi surface emerges in the region surrounded by
exceptional manifold, called Femi volumes80, which are
open regions of vanishing real part of the energy gap and
have the same dimension as the system itself.
FIG. 2. (Color Online). Left panel: the Fermi surface
(the black line) at the non-interacting case in the three-
dimensional BZ. Right panel: the SPET (the orange surface)
for (UA/t, UB/t) = (8, 0) and T/t = 0.8. In the left figure,
the orange line (blue plane) represents the three-dimensional
BZ (kxy − kz plane).
4FIG. 3. (Color Online) (a) [(b)]: Momentum-resolved spec-
tral weight A(k, ω = 0) at kxy-kz plane [A(k, ω) at high sym-
metric points] of NLSM with (UA/t, UB/t) = (8, 0) at temper-
ature T/t = 0.8. In panel (a), orange lines illustrate the BZ,
the effective Hamiltonian becomes defective at the blue dots
and the color plot indicates the strength of spectral weight.
In panel (b), the blue line denotes the energy spectrum of free
diamond lattice. (c): Density of states for each sublattice for
(UA/t, UB/t) = (8, 0) at temperature T/t = 0.8. (d): Color
map of the zero-th Chern number for ImΣRA(ω = 0) = −0.92
at kxy-kz plane. Here, the zero-th Chern number at each point
is indicated by a number enclosed with a box and SPETs are
represented with black line.
B. DMFT results
Having finished general arguments on chiral symmet-
ric SPETs in the previous section, we now present the
DMFT results in this section. We first obtain the ef-
fective Hamiltonian from DMFT+IPT calculation. The
effective Hamiltonian Heff(0,k) is expanded in terms of
the Pauli matrices τ ’s as follows:Heff(0,k) = id0(k)τ0 +
[b(k) + id(k)] · τ with b(k) := (b1(k), b2(k), 0) and
d(k) := (0, 0, d3(k)), which are given by
b1(k) + ib2(k) = t0 +
∑
j=1,2,3
tje
ik·aj , (13)
d0(k)τ0 + d3(k)τ3 = ImΣ
R(0 + iδ,k). (14)
Here, the Pauli matrices τ ’s act on the sublattice space
and ti with i = 0, 1, 2, 3 denotes the nearest neighbor
hopping indicated by silver (gold) bonds in Fig.1. In
this case, by using the above effective Hamiltonian, the
Green’s function is written as
G(ω,k)−1 = (ω + iδ)τ0 −Heff(ω,k). (15)
1. Interaction-driven SPET
First, we show the noninteracting Fermi surface. In
the left panel of Fig.2, we can confirm that the diamond
lattice shows nodal-line semi-metals. Introducing on the
interaction, the nodal line changes to the SPET (see left
panel of Fig. 2). Inside of the SPET, the gap becomes
pure imaginary and low energy excitations appear as a
Fermi volume. The emergence of Fermi volume which
is surrounded by SPET can be seen via the momentum-
resolved spectral function A(k, ω) = − 1
pi
Im
[
trGR(k, ω)
]
[Fig.3(a)]. Away from the Fermi level, these low energy
excitations are smoothly connected with the renormal-
ized bands see [Fig.3(b)]. The emergent Fermi volume,
which is formed mainly by the contribution of the non-
interacting B-sublattice, gives rise to a peak structure
in the LDOS for the B-sublattice at zero energy as seen
in Fig.3(c). Note that these characteristic features come
from largely different lifetimes for the two sublattices.
The peak structure of LDOS is not limited to the dia-
mond lattice but generally applies for two-sublattice chi-
ral symmetric system. We discuss the relationship be-
tween the origin of the peak structure and the many-body
chiral symmetric system in Appendix A. The appearance
of SPET and the peak structure of LDOS originate from
the sublattice-dependent Hubbard interaction.
FIG. 4. (Color Online) Left panel: Color plot of the imaginary
part of the self-energy −ImΣRA(ω = 0) as functions of temper-
ature T/t and interaction UA/t. Right panel: Color plot of
the renormalization factor zα = [1−∂ReΣ
R
α (ω)/∂ω]
−1 as func-
tions of temperature T/t and interaction UA/t. These data
are obtained for the isotropic diamond lattice at UB/t = 0.
We note that the imaginary part of the self-energy determines
the radius of SPETs; the radius is r = −ImΣRA(ω = 0)/2.
Second, we check topological properties of the system.
We show that a zero-th Chern number can be intro-
duced for the occupation number of the following Hermi-
tian Hamiltonian81,82 H˜(k) := −iH ′(k)Γ with H ′(k) :=
Heff(0,k) − [trHeff(0,k)/N ]1l and N := dimHeff(0,k).
Exceptional points are consistent with the change of the
Chern number in Fig.3(d). The radius of SPETs is re-
lated to the difference in the imaginary part of self-energy
r = [ImΣRB(ω) − ImΣ
R
A(ω)]/2 at ω = 0 between A- and
B- sublattices (see inset of Fig.3(c)). We show the size of
SPET as functions of A-site interaction UA/t and tem-
5perature T/t in Fig.4. We confirm that the radius of
SPET is enhanced with increasing A-site interaction or
temperature. However the renormalization factor of the
A-site Green’s function hardly depends on temperature
in Fig.4.
We proceed to investigate the anisotropic diamond lat-
tice with t0/ti 6= 1, i = 1, 2, 3, ti = t. With increas-
ing the parameter of hopping with 1 < t0/ti < 3, the
topological phase transition occurs and we obtain vari-
ous shapes of SPETs in Appendix B. We show the Fermi
surface of nodal line semimetals with t0/ti = 2 in Fig.5
in the noninteracting case. Considering spatially mod-
ulated on-site Coulomb interactions, we obtain SPETs
and momentum-resolved spectral weight in Fig.5 with
(UA/t, UB/t) = (12, 0) at temperature T/t = 1.
We stress that in contrast to the PT symmetric case79,
the Fermi volume (i.e., the band touching region inside
of the SPETs) emerges at ω = 0 because of the chiral
symmetry. This is understood by the prohibition of real
coefficients of Pauli matrix τ0 in an effective Hamiltonian
although the PT symmetric system does not prohibit it.
As discussed momentarily below, the Fermi volume inside
of SPETs affects low-energy physical properties of the
system.
FIG. 5. (Color Online) The left (middle) panel: Noninteract-
ing Fermi surface of NLSM (ET with (UA/t, UB/t) = (12, 0)
at temperature T/t = 1) in the case of anisotropic diamond
lattice t0/ti = 2, (i = 1, 2, 3). The right panel: Momentum-
resolved spectral weight A(k, ω = 0) on kz-kxy plane with
(UA/t, UB/t) = (12, 0) at temperature T/t = 1. The orange
lines illustrate the BZ at kxy-kz plane and the effective Hamil-
tonian becomes defective at the blue dots in the right panel.
2. Effects of SPETs on the magnetic susceptibility
We show that the SPETs induce a nontrivial response
to the magnetic field; the low energy excitations en-
closed by the SPETs make the magnetic susceptibility
of the B-sublattice larger than that of the A-sublattice,
although the interaction strength is opposite (UA > UB).
The mechanisms are as follows. As seen in Fig.3(c), at
ω = 0, the LDOS for B-sublattice becomes larger than
that for A-sublattice because of SPETs (see Appendix
A). This fact indicates that the response to the Zee-
man splitting for B-sublattice becomes larger than that
for A-sublattice. Therefore, the magnetic moment of B-
sublattice can becomes larger than that of A-sublattice.
The numerical data supporting the above scenario are
shown in Fig. 6(a) and (b). The former (the latter) data
are obtained at UB = UA/2 (UB = 0). In Fig. 6(a), we
can see that the magnetic susceptibility for B-sublattice
becomes larger than that for A-sublattice, corresponding
to the emergence of the low energy excitations enclosed
by the SPETs (for the LDOS at UB = UA/2, see Ap-
pendix A and for the self-energy, see Appendix C). We
can also observe similar behaviors at UB = 0 although
the region of χsB > χ
s
A is narrow in this extreme limit.
We stress that essential ingredients are the difference in
the lifetime of the self-energy and the chiral symmetry.
Therefore, the above enhancement is generic and consid-
ered to be observed for any two-sublattice model where
the self-energy satisfies |ImΣRA(ω = 0)| > |ImΣ
R
B(ω = 0)|.
FIG. 6. (Color Online). The magnetic susceptibility for
each sublattice χsα(q = 0, iǫm = 0), α = A,B as functions
of temperature T/t and interaction UA/t. Panel (a) [(b)] are
obtained at UB = UA/2 (at UB = 0) with RPA.
IV. SUMMARY
We have studied chiral-symmetric correlated NLSMs in
three dimensions with special emphasis on non-Hermitian
properties. Concretely, we have elucidated the emergence
of SPETs for a diamond lattice model with spatially mod-
ulated Hubbard interaction. Essential difference from the
case for NLSMs with PT symmetry studied so far is that
the present SPETs with chiral symmetry and the associ-
ated low energy excitations (i.e., Fermi volumes) are fixed
to the Fermi level. Furthermore, we have elucidated that
these low energy excitations result in counterintuitive be-
haviors which are the first results exemplifying the effects
of SPETs on magnetic responses. Specifically, by employ-
ing by DMFT and RPA, we have found that due to the
Fermi volumes, magnetic susceptibility for B-sublattice
becomes larger than that for A-sublattice, although the
interaction strength is opposite (UA > UB). For this
counterintuitive response to the homogeneous magnetic
field, the chiral symmetry is essential which leads to the
enhancement of LDOS at the Fermi level only for B-
sublattice.
We finish this paper with comments on future studies.
Important open questions are (i) finding experimental
6setups or candidate materials showing SPETs and (ii)
elucidating how to observe the unique magnetic response
elucidated in this paper. Concerning the toy model ana-
lyzed in this paper, we expect that it can be realized for
cold atoms by employing optical Feshbach resonance90,91.
In such systems, the unique magnetic response might
be observed by noise correlations or Bragg scattering of
light which have been employed to observe the spin cor-
relation functions92,93. In addition, elucidating effects
of non-Hermitian band structures on magnetic responses
for other cases of symmetry remains an important future
work.
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Appendix A: LDOS structure of spin U(1) chiral
symmetric system
FIG. 7. (Color Online). Density of states for each sublattice
for (UA/t, UB/t) = (9, 4.5) at temperature T/t = 0.5. The
inset shows the self-energy ΣRA(ω) and Σ
R
B(ω) as a function of
ω.
We show the origin of the peak structure in the LDOS
for the B-sublattice at zero energy. In general, we con-
sider the two-sublattice system with many-body chiral
symmetry81 and spin U(1) symmetry. The full Green’s
function is written in a 2×2 matrix which is constructed
from two-sublattices, as follows,
G(k, ω) = [ω1l− h(k)− ΣR(k, ω)]−1, (A1)
=
(
ω − ΣRA −Dk
−D∗
k
ω − ΣRB
)−1
, (A2)
where h(k) and ΣR(k, ω) are Hamiltonian and self-
energy,
h(k) =
(
0 Dk
D∗
k
0
)
,ΣR(k, ω) =
(
ΣRA 0
0 ΣRB
)
. (A3)
Dk is the Fourier component of tight-binding model, for
example Eq. (13) and ΣRα are self-energy of each sublat-
tice, α = A,B. We obtain full Green’s functions of each
subalttice,
GAA(k, ω) =
ω − ΣRB
(ω − ΣRA)(ω − Σ
R
B)− |Dk|
2
, (A4)
GBB(k, ω) =
ω − ΣRA
(ω − ΣRA)(ω − Σ
R
B)− |Dk|
2
. (A5)
To discuss the structure of LDOS, we consider the ω = 0
component of spectral function for each sublattice,
AA(k, ω = 0) = −
1
π
ImGAA(k, ω = 0), (A6)
=
1
π
−ImΣRB(0)
ImΣRA(0)ImΣ
R
B(0) + |Dk|
2
,
(A7)
AB(k, ω = 0) = −
1
π
ImGBB(k, ω = 0), (A8)
=
1
π
−ImΣRA(0)
ImΣRA(0)ImΣ
R
B(0) + |Dk|
2
,
(A9)
where Aα(k, ω) is the spectral function of α sublattice,
α = A,B. Now we consider the imbalance of self-energy
at the Fermi level such as
−ImΣRA(ω = 0) > −ImΣ
R
B(ω = 0), (A10)
|ImΣRA(ω = 0)| > |ImΣ
R
B(ω = 0)|, (A11)
where, due to the positivity of the spectral function,
ImΣα(ω = 0) is always negative, α = A,B. The relation
between spectral functions of two sublattices is obtained
as,
AA(k, ω = 0) < AB(k, ω = 0). (A12)
The above inequality is valid for all wave vectors in BZ.
Finally, the LDOS is obtained from the summation of
spectral function for all wave vectors and we show the
relationship between LDOS of each sublattice, as follows,
ρA(ω = 0) < ρB(ω = 0), (A13)
where ρα =
∑
k∈BZ Aα(k, ω = 0), α = A,B. The in-
equality means the imbalance of LDOS for each sublat-
tice [see Figs. 3(c) and 7]. In our case, the origin of
self-energy is only on-site Coulomb interaction and the
relation for the imbalance of self-energy Eq.(A11) is the
same as the imbalance of on-site Hubbard interactions
UA > UB at finite temperature. We show examples of the
imbalance of self-energy in the inset of Figs. 3(c) and 7.
As a result, in the many-body chiral symmetric system
with spin U(1) symmetry, considering the spatially mod-
ulated on-site Hubbard interactions, the peak structure
or the imbalance of LDOS structure always appears at
on the Fermi level at finite temperatures.
7Appendix B: SPET of the anisotropic diamond
lattice
We show the results of anisotropic diamond lattices
in Fig.(8). The shape of SPETs is determined from the
band touching point of Eqs. (8) and (14). The topo-
logical phase transition occurs between t0/ti = 1.49 and
t0/ti = 1.5, between t0/ti = 2.5 and t0/ti = 3.0.
FIG. 8. (Color Online). SPETs for anisotropic diamond
lattices with t0/ti 6= 1, i = 1, 2, 3, ti = 1 and ImΣ
R
A(ω = 0) =
−1 in three-dimensional BZ.
Appendix C: SPET of isotropic diamond lattice for
UB = UA/2
We investigate the isotropic diamond lattice for UB =
UA/2. The obtained difference in the imaginary part of
self-energy ImΣRB(ω = 0)− ImΣ
R
A(ω = 0) in Fig. (9).
FIG. 9. (Color Online). Color plot of the difference in the
imaginary part of the self-energy ImΣRB(ω = 0) − ImΣ
R
A(ω =
0) as functions of temperature T/t and interaction UA/t for
the isotropic diamond lattice at UB = UA/2.The imaginary
part of the self-energy determines the radius of SPETs. We
note that the imaginary part of the self-energy determines the
radius of SPETs; the radius is r = [ImΣRB(ω = 0)−ImΣ
R
A(ω =
0)]/2.
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